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Abstract 

In many problems of PDE involving the Laplace-Beltrami operator on manifolds with 
ends, it is often useful to introduce radial or geodesic normal coordinates near infinity. In this 
paper, we prove the existence of such coordinates for a general class of manifolds with ends, 
which contains asymptotically conical and hyperbolic manifolds. We study the decay rate to 
the metric at infinity associated to radial coordinates and also show that the latter metric is 
always conformally equivalent to the metric at infinity associated to the original coordinate 
system. We finally give several examples illustrating the sharpness of our results. 

Keywords!]] Manifolds with ends, radial coordinates, geodesic normal coordinates. 

1 Introduction and result 

The purpose of this note is to study the existence and some properties of radial (or geodesic normal) 
coordinates at infinity on manifolds with ends, for a general class of ends. Our motivation comes 
from geometric spectral and scattering theory, but our results may be of independent interest. 
There is a huge litterature devoted to the analysis of the Laplacian on Riemannian manifolds with 
ends (see e.g. [5] for important aspects of this topic), ie Riemannian manifolds which, away from 
a compact set, are a finite union of ends £ which are isometric to ((i?, +oc) x 5, G) with S a 
compact manifold (of dimension n — 1 > 1 in the sequel) and G of the form 

G = adx 2 + 2h l dxd9 i /w(x) + gijdOidOj /w(x) 2 , (1.1) 

(using the summation convention) with coefficients satisfying, as x — > oo, 

a(x,#)^l, b l (x,9)^0, gij ( x ,6)^g ij (8)=:g s (^,-^-). (1.2) 



The nature of the end is determined by the function w which we assume here to be positive, smooth 
and, more importantly such that 

w(x) — > x — > +oo, 

meaning that we consider large ends. The main two important examples are asymptotically conical 
manifolds (or scattering manifolds) for which w(x) = x~ x and asymptotically hyperbolic manifolds 
for which w{x) = e~ cx for some c > 0. In (fO|), 6 S = (6>i, . . .,0„_i) : U C S -> W 1 - 1 are local 
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coordinates on S so if it : £ — > S is the projection, we obtain local coordinates on £ by considering 
[x, 6\ o 7T, . . . , (9 n _i o 7r) which, for simplicity of the notation, we denote by (x,6\, . . . , (9„_i). The 
precise meaning of (11.21) is that the convergence holds in C°° (ds(U)); such a statement is intrinsic 
in that it is invariant under changes of coordinates on S. We call g s the metric at infinity with 
respect to this product decomposition. 

For analytical purposes, it is often very useful to work in a system of coordinates such that 
a = 1 and = 0, ie to replace x by a new coordinate t such that 

_ _ / d d \ 

G = dt 2 + hijdeidej/wit) 2 , hij(t, 0) -> (<9) =: h s ^— , —J as * -> +oo, (1.3) 

at the expense of changing g 5 into a possibly different metric hg . One then says that t is a radial 
coordinate (see for instance [8] f° r the terminology). Using such coordinates, the Laplacian can then 
be reduced, up to conjugation by a suitable function, to an operator of the form — d 2 + Q(t) with 
Q(t) an elliptic operator on S which is asymptotic to — w(t) 2 A^ as t — s> oo (see e.g. (1.1) in [3]). 
The absence of crossed term of the form dtdg i is convenient for Born-Oppenheimer approaches, 
ie to consider — d 2 + Q(t) as a one dimensional Schrodinger operator with an operator valued 
potential (see for instance [1] for applications in this spirit); in the special case when Q(t) is 
exactly — w(t) 2 A^ s , ie if G = dt 2 + hg /w(t) 2 , one can use separation of variables as is well known. 
Important questions requiring such a reduction of the metric also include resolvent estimates [HESS] 
(construction of Carleman weights) or inverse problems [SI [7] (reduction to a problem on S). 

In the works [21 El IH El E] , the reduction of G to the normal form (|1.3[) is either proved on 
particular cases [21 [6] in the conical case and [7] in the asymptotically hyperbolic case, or even 
taken as an assumption El 0] . For this reason and also in the perspective of studying intermediate 
models between the conical and the asymptotically hyperbolic cases, we feel worth giving a proof 
of existence of radial coordinates for general manifolds with ends (ie associated to w satisfying the 
assumption (|1.4p below). Another motivation is that, although the existence of radial coordinates 
may seem intuitively clear, there are some subtleties on the rate of convergence to the asymptotic 
metric. We shall in particular show that, even if the convergences in (|1.2p are fast as x — > oo, it 
may happen that the decay in radial coordinates, ie the rate of convergence to hs in l|1.3p . is slow. 
We shall see how this depends on w. This point is important in scattering theory since it means 
that the reduction to (|1.3I) may be at the price of considering a long range type of decay. As a last 
point, we shall also describe the relationship between g 5 and h^. For the class of functions w we 
are going consider, we shall see that h$ is always conformally equivalent to g 5 , as is well known 
in the asymptotically hyperbolic case; in certain situations, such as the conical case, the conformal 
factor is equal to 1 (ie there is no conformal change) and this will be covered by our result. 

Let us now state our main result precisely. 

First, for simplicity and without loss of generality, we will assume that M = £ = (R, oo) x S 
equipped with a Riemannian metric G as in (jl.ip . We will use a quantitative version of (|1.2p given 
in term of symbol classes S m . Recall that, given m £ M. and a function / defined on a semi-interval 
(M, +00) or on (M, +00) x V, with V an open subset of M n_1 , we have 

fes m 44 did%f = o({x) m - j ), 

on (Af, +00) x K for all K <g V. Occasionally we shall also say that a function or a tensor defined 
on (M, +00) x S belongs to S m if its pullback by every coordinate chart of an atlas of S is in S m . 
The precise assumptions on G are the following. We assume first that, for some A > and 

£ > 0, 

weS-\ W'eS" 1 -, (1.4) 
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where S' m = S m (R, 00) for m = —A and —1 — e. The condition on (w'/w)' implies the existence 
of the non positive real number 

k := lim — t— r-. (1-5) 

Notice that k < otherwise «/ should be positive at infinity hence w should be increasing which 
would be incompatible with the fact that w € S~ x (recall that w > 0). To state our second 
assumption, we set b = (bi, . . . , b„_i), g = (gij) and g = (g^-) (see (jl.ip and (11.21) ), We assume 
that 

a-leS^, beS- u , g-geS^, (1.6) 

where S m = S m ((R,oo) x 9 S (U)) (for all charts 9 S : U -> 9 S (U) of some atlas of S) and with 
exponents satisfying 

1 + r 1 + r 

M>l+T, ^>^- 5 A ^^-- ( L7 ) 

We finally define the outgoing normal geodesic flow. Given r > R, denote by the outgoing 
normal vector field to the hypersurface {r} x S C M, outgoing meaning that (dx,v r ) > 0. The 
outgoing normal geodesic flow N r is then 

N r (t,u) := exp (r , )W) (ti/ r ), w£5, (>0, 

namely the exponential map on .M with starting points on {r} XiS, initial speed v r and nonnegative 
times. 

Theorem 1. Assume l{1.4\ ), ll-6\) and |i.7[ ). Then, for all r 3> 1, i/ie following properties hold. 

1. The outgoing normal geodesic flow is complete in the future (ie is defined for all t>0). 

2. It is an homeomorphism (resp. a diffeomorphism) between [0,oo) t x S (resp. (0, 00) xS) and 
[r,oo) x x S (resp. (r, 00) x S). 

3. There exists a diffeomorphim Q r : S S and a real function <p r : S — > IR such that 

N*G = dt 2 +w(t)- 2 h s {t) 
with (hs(t)) a smooth family of metrics on S such that 

hs(t)-hs eS- mi * £ ', with hs-e'^n;^. (1.8) 



Note the dependence on k in (11.8[) . In particular, if k = 0, there is no conformal factor. Observe 
also that the decay rate of hs(t) to in (|1.8[) can in principle be worse as the one g — g 5 in (|1.6|) . 
We shall see that this can be the case in some of the examples below. 

Examples. 1. Asymptotically conical metrics: w(x) = x^ 1 (for x > R > 0). We have obviously 

A = l, e = l, K = 0. 

On one hand K = so the metric at infinity is not affected by a conformal factor, but on the other 
hand e = 1 so hs(t) is in general a long range perturbation of hg. Actually, one can see that 

h s (t) = (l + 2<j) r t- 1 )h s + o(t- 1 ), (1.9) 
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which shows that the decay rate of hg (t) — hs is only S 1 (see below the proof of Theorem [T] in 
Subsection 1 2 . 2 1 for a justification of (|1.9[) V 

2. Asymptotically hyperbolic metrics: w(x) = e~ cx (with c > 0). In this case, we can take 

A > arbitrarily large, s > arbitrarily large, k = c. 

Here k^O hence the metric at infinity is only conformally equivalent to the original one. On the 
other hand, since e can be taken as large as we wish, in particular larger than r, the decay rate of 
hs(t) to hs cannot be worse as the one of g to g in (|1.6[) . 

3. An intermediate case. For the function w(x) = e~ x ~ xf> , with < /3 < 1, we have 

A > arbitrarily large, e = 1 — j3, k = 1. 

This suggests that both a conformal factor and a weaker decay (if e < r) happen at the same time. 
Actually the decay can indeed be weaker if e < t for one can show that 

h s (t) - (1 + 2/3<M /3 - 1 )h 5 + o^- 1 ) + o{r T ). (1.10) 

See again below the proof of Theorem [1] for a justification of this expansion. 



2 The outgoing normal geodesic flow 
2.1 The main estimates 

In this subsection, we fix some notation and state intermediate results leading fairly directly to 
Theorem [T] which is proved in Subsection l2.2l The more technical proofs are postponed to the next 
sections. 

It will be convient to use some fixed geodesic distance c?(., .) on S associated to an arbitrary 
Riemannian metric (which has nothing to do with g 5 ) . We then fix a cover of S by finitely many 
coordinates patches. At any uq € S, there is a chart 6s '■ U C <S — Y V C R"" 1 and, if we set 
$o = 8s(wo), there is e Uo such that 

B(0 o A^ a ) m V, (2.1) 

where, here and below, the balls B(8o, e) refer to a fixed norm | • | on By compactness of S, 

we have 

S= IJ e^iBiOo,^)). (2.2) 

wgGfinite set 



Furthermore, we can assume that, for some fixed C > depending on d and the cover (12. 2[) . 

d(u,u , )<C\0 s (u)-9s(u')\, u, (S e^s 1 (5(00,36^)), (2.3) 

with d the distance which was chosen above. 

We next record the expressions of several important objects in the coordinate patch of M. asso- 
ciated to the patch 6g 1 (B{9Q, 4e Wo )) of S. We will study the geodesic flow through its hamiltonian 
expression on the cotangent bundle and thus need to compute the dual metric. To this end, we 
recall that (jl.ip can be recast in matrix form as 

G = (J w°(x)) (b T g) (J w°(x)) ■ (2 - 4) 
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so that the dual metric, obtained by inverting (|2.4[) . is given by 
with 

1 



1 \ (a b\ (1 
w(x)J [b T g) \0 w{x) 



b = -agT 1 b, .g = g- i +ag- 1 bb T g- 1 . (2.5) 



a — b T g _1 b ' 



Note that, by possibly increasing R and by (11.21) . we may assume that a — b T g 1 b does not vanish. 
It is important to record that, by (|1.6|) and (|1.7I) . we have 

fl _ leS -min( (I » cS -l-r j b € S'" , S - g" 1 S (2.6) 

According to the notation (|2.5[) . the dual metric, ie the principal symbol of the Laplacian, reads 

p(x, 9, p, rf) :— a(x, 9)p 2 + 2w(x)pb(x, 9) ■ r\ + w(x) 2 i] ■ g(x, 9)rj, (2-7) 

with p £ K and r\ € M n_1 . We denote by (a: 4 , ?/*, p*, 77*) the hamiltonian flow of p, namely the 
solution to 

At - d P nt _ dp t _ dp t _ dp 

with initial condition at t = to be specified. A simple calculation shows that the outgoing normal 
to {r} x S is the vector 



v r = a 



1/2 ±L 



d , , b d 



8x ' w{ - x) aV* ' 89' 



where a and b are evaluated at (r, 9) = (r, 9s(u>)). The associated co-normal form ie such that 
G(v r , .) = 1/*., is then 

v> = a-^ 2 dx, 

so the geodesic starting at (r, w) with f r as initial velocity, ie escp/ T0J \(tv r ), is given in these local 
coordinates by 

x Ur (t,9) :=x t/2 (r,9,a- 1/2 ,0), 9 Vt (t, 0) := (r, 0, a~ 1/2 , 0) , (2.9) 

where the factor 1/2 on the time is due to the fact that we consider the Hamiltonian flow of p 
rather than the one of p 1 / 2 . We also note in passing that the condition G(v r , v r ) — 1 reads 

p(r,6,a-^ 2 ,0)=l. (2.10) 

The expression of the normal geodesic flow given by (|2.9I) is of course meaningful only as long as 
the geodesic remains in the coordinate patch. We shall see below that, if r is large enough and 
9 is restricted to B(9o,2e Uo ) (which is technically more convenient than B(9 ,e LJo ), though the 
latter would be sufficient by (I2.2[l ). then the geodesic remains in the same coordinate patch for all 
t > (thus is complete in the future) and satisfy suitable estimates. To make the proof as clear 
as possible, we record its main steps in the following propositions which will be proved in separate 
subsections. 

Proposition 2 (the geodesic flow in a chart). Assume \1.6\) and {1. 7| ). Then, for all M > 1, 

there exists X > such that, for all initial condition (x, 9, p, rj) of \2. 8\) satisfying 

x>X, 9e B(0 , 2e W0 ), p E [M ~\ M] , |r?| < M, (2.11) 
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the hamiltonian flow of p is defined for all t > and satisfies 

x t >x + -^ 1 0* e B(6 ,3e Uo ). (2.12) 
Furthermore, for all j > 1 anrf all d 1 = d^dgd l p d^ , we have the estimates 

ffid 1 ^ -x-2tp 1 ' 2 )\ < {x + t)- T -\ (2.13) 
|a^(0*-0)| < (x + t)" T ^ (2.14) 

where p = p(x, 6, p, rf) . 
Proof. See Section [3] 

We now derive here a proposition on the outgoing normal geodesic flow from which Theorem [T] 
will follow easily. We introduce the notation 

N r =: (x r ,oj r ) (2.15) 

for the component of N r on (i?, +oo) and S respectively. Note the relationship between (|2.15|) and 

(ED, 

x r (t,0s 1 (0))=x Vr (t,0), {0s°Ur)(t,6s 1 (e))=6 Ur (t,6). (2.16) 

Proposition 3 (Global properties of the normal flow). For all r » 1, the following properties 
hold. 

1. For each t > 0, U) r (t, .) is diffeomorphism from S to S and 

d(uj,oj r (t,u})) < C{r)~ T , r » 1, t > 0, uj eS, 
with C independent ofr,t, U). 

2. The limit £l r :— lim^oo Li r (t, .) exists and is a diffeomorphism from S to S. 

3. For any coordinate system 9s associated to the cover 12.2]) . we have 

6 s o (O-'oOMs 1 ^)) =0 mod S- T , ee# ,£. ). 
4- There exist <j) r £ C°°(iS,R) such that 

x r (t, u>) — t + 4> r (w) mod S~ T , 

for t > and uj £ S. 

5. For all r 3> 1, N r is an homeomorphism (resp. diffeomorphism) from [0, oo) x S onto 
[r, +oo) x S (resp. (r, +oo) xS). 

This proposition will follow from Proposition [5] and the following lemma on perturbations of 
the identity (see Appendix lAl for the proof). 
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Lemma 4. Let F t ^ r : S — ^ S be a family of smooth maps indexed 6i/r>l and t > 0, such that, 
for some C > 0, 

d(F t , r (u),w) < C{r)-\ r > 1, u £ S, t > 0, (2.17) 

and, in each chart of the cover 12.2(1 . 

\\D(9 s oF t ^ r o9 s 1 ){9)~I Rn - 1 \\<C(r}- T , r > 1, 9 e B(9 , 2e Wo ), t>0. (2.18) 
Then, for all r large enough and all t > 0, F^ r is a smooth diffeomorphism on S. 

In (|2.18[) . || • || is a fixed norm on linear maps on M™ _1 . Note also that 9 s o Ft, r o f?^ 1 is 
meaningful on B(9o, 2e Wo ) since (I2.17[) implies, if r is large enough, that F t)r maps 9^ 1 (B(9o, 2e Wo )) 
into 0g 1 (B(9 o , 3e Wo )) which is contained in the domain of 9s by (|2.1|) . 

Proof of Proposition^ For r large enough, (JT7BJ) allows to assume that a~ x ^ 2 (r, 9) 6 [1/2,3/2] 
hence that the initial condition (r, 9, a" 1 / 2 , 0) satisfy the assumption (|2.1ip . By (|2.9I) . (12 . 12[) and 
(I2.16[) . we have then 

we^ 1 (B(e ,2e Uo )) =► w r (i,w) G0J 1 (5(00,3^0)) 

and, by (|233|) . 

i f d s e s / 2 (r,e, a - 1 / 2 ,o)ds 



9 Vr (t,$)-e\ = 



<{r)-\ r^l,9eB{9 ,2e Uo ), t > 0. 



2 

This is a fortiori true if 6* G 5(6*0, £w ) so we obtain, using (|2.2[) and (|2.3I) . that 

d(w,w r (<,w)) < C(r)" T , r > 1, cj e S, t > 0. (2.19) 
Furthermore, by (|2.14j) . we also see that 9 Vr {t,.) = 9s o Lu r (t,9g l (.)) satisfies the condition (|2.18[) . 



since 



\d 8 (9 Vr (t,9) 



\ I (d s d g 9 s ^)(r,9,a-^ 2 ,0) + (d s d p 9^ 2 )(r,9,a- 1 / 2 ,0)d e a^ 2 ds 
1 Jo 



2 

< {r)-\ (2.20) 



for all r > 1, t > and 9 e B(9 ,2e Uo This proves item 1. 

We now consider item 2. To prove the existence of the limit of oj r (t, .) as t goes to infinity, 
it suffices to show that 9 Vr (t,9) has a limit for each 9 G B(9q, e Wo ) since we now that, by taking 
r large enough, w) belongs to 9g 1 (B(9 , 2e WQ )) if a; £ 9g l (B(9 , e Uo )). The existence of the 
limit will then follow from the integr ability of dt9 Ur which follows clearly from 

d t 9 Vr (t,9) = X -d t 9 l l 2 {r,9, o-Va.O) = ©((r + t)" 1 ^) 

by (|2. 14[) . The derivatives with respect to 9 satisfy the same bounds in time so the limit as t —> oo 
of 9 Vr (t, .) is smooth. We can also let t go to infinity in (|2.19l) and (|2.20j) hence conclude that fi r 
satisfies the assumptions of Lemma 2] and thus is a diffeomorphism for r large enough. 



2 this is the interest of considering initial conditions with 8 6 B(8q, 2e^ ) 
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To prove item 3, we start by choosing r large enough such that 

3 

(t,B(9 )) C 5(0 O , -e U0 ) 

Furthermore, since fi r satisfies the same bound as w r (t, .) in (|2.19p . this also holds for so we 
may assume that 

n; 1 (b(0 o , |oJ cB(e ,2e Uo ). 

Thus, by setting :— 6s ofi^T 1 °®s > ^ suffices to consider o 0^. Since 6* = lim^oo Qo9„ r (t, 9), 
we have 

/+oo 
d s (eo9 Ur )(s,9)ds 

/+oo 
{DQ){9 l/T {s 1 9))-d s 9 l/T {s,9)ds = 0((t)- T ) 

using (12.9[) and (|2.14[) . By differentiating this expression in t and 9, we conclude that 8 o 9 Vr — 9 
belongs to S~ T which is the expected result. 

To prove item 4, we observe first that The existence of <p r is equivalent to the existence of 
lim t _>. +00 x r (t, .) — t which follows from the integrability of dtx r — 1. This integrability follows from 
(I2.13[) and (|2.10j) using the local expression of x r given by (|2.9[) and (|2.16[) . We actually have the 
following formula 

x Vr {t,9) = t-r+ [ (d s x„ r (s,6) - l)ds 
Jo 

/oo 
(d s x Vr (s,9)-l)ds. (2.21) 

Since dg(dtx r — t) is integrable in time for any a, we see that r is smooth and it also follows 
easily from (|2.13p that the last term in (I2.21[) belongs to S~ T . 

It remains to prove item 5. It is convenient to denote by O r (t, .) : S — > S the inverse map of 
td r (t, .). Note that since ui r is smooth on [0, oo) x S, then so is the map O r : (t, to) M> O r (t,u). 
Therefore, the map 

M r : (t,u) (t, oj r (t, a/)) 

is an homeomorphism from [0, oo) x S onto itself with inverse (t, uj) H> (t,O r (t,u)). It is also 
obviously a diffcomorphism on the interior. It is thus sufficient to prove the result for the map 
P r := N r o AijT 1 instead of N r . Notice that P r has the following simpler form 

P r (t,u) = (x r (t,O r (t,u)),u). 

This map is smooth up to t = and it is thus not hard to see that the conclusion would be a 
consequence of the fact that, for each w £ 5, the map 

t H> X r ,u(t) ■= X r (t,O r (t,U))) 

is a bijection from [0, oo) onto [r, oo). Clearly, if t = we have X ryUJ (0) — r so it is sufficient to 
show that 

\d t X r>u (t) - 1| < 1/2, (2.22) 

for r large enough and t > 0. Using (|2.14p and (I2.20j) . it is not hard to see that dt9s o O r (i, .) is 
of order (r)~~ T which, jointly with (|2.13p . implies (|2.22p and completes the proof. □ 
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2.2 Proof of Theorem ffl 



Item 1 follows from Proposition [5] and (|2.9p . Item 2 is item 5 of Proposition |3J We also note that 
(behaviour at t = 0). We now prove item 3. If 6*5 = (#1, . . . , n -i) are coordinates on 5, then 
(i, 0i, . . . , 6>„_i) are coordinates on (0, 00) x 5 and 



t:=to N: 



on: 



j = l,...,n- 1, 



are coordinates on .M which we work with. It is useful to note, by standard properties of the local 
normal flow, that N r is smooth up to t = and N^T 1 up to x = r. In particular, this allows us to 
use that vector fields d/dt, d/d9j, 8/81 and 8/89 j are defined up to the boundary. We show first 
that 

8 8 



1 ® ® 



= 1, 



To that end, we observe on one hand that 



9 \ 

W NAt " 



dN r 



and, on the other hand that 



60, 



dt 1 89, 



dN r 



= 0. 



\(t,Ul) I ! 



dt 



N r (t,Lj), 



(2.23) 



(2.24) 



(2.25) 



that is the tangent vector to the geodesic exp( r u) s(ti/ r ). In particular, at t = 0, the vector field in 
(|2.25[) is v r so so (|2.23[) is true for t = and it suffices to show that the left hand sides in (|2 . 23[) 
are constant with respect to t. Using the standard properties of the Levi-Civita connection V and 
(12351 



d ( d d 



d_ 

dt 





G 



Of 
2G 



G 



d_ d_ 

dV dt 

d_ d_ 

ffi'ffi 

st dt' dt 



\N r (t,u>) 



0. 



where, in the last two lines, we dropped the evalutation at N r (t, uj) from the notation for simplicity. 
This yields the first equality of (|2.23|) for all t > 0. For the second equality, we compute similarly 



d 



dt N * G{t ' u) [dt'dej 



d d 







d d 



dt \ G \dV d9 3 

-c 1 1 ± 

dV 86, 



\N T (t,ui) 



Of 

G 



V a -=, — 

*5t 89, 



G 



— V — 

8T -5id9 



where, using that the Levi-Civita connection is torsion free, we have 

8 8 



G 



— V — 

dl' ^W, 



G 



— V — 

8t ' aej 8t 



dt' 89 j 



1 8 



2 89, 



8 8 



dt 1 dt 
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since the Lie bracket in the first line vanishes and since, in the second line, we arc differentiating 
a constant function. This completes the proof of (|2.23l) . 

To determine N*G ^^r, gfr^ it suffices to compute the last n — 1 columns and rows of the 
following block matrix decomposition of N*G in local coordinates, 

dx Vr /dt dx„JdO\ T (I OVVa h\ (l QX^ 1 (dx v Jdt dx v JdO 
dO v Jdt 80 v J dO) \Q w) \h T g) [o w) \dO v Jdt dO v JdO 

where a, b, g and w are evaluated at (x Ur , Ur )(t, 6). After a simple calculation, the matrix is 
-2 J 2 dx Ur T dx Ur ( dx v J dO VT dO v J T dx v \ 80 Vr T 80 Vr \ 

w \ WR ^o- -W + w {-ao- b ^T + ^T b -W) + ^o~ s ^o~j- (2 - 26) 

By (|1.6[) . (|1.7[) and Proposition [21 the matrix (of the metric) inside {• • • } is of the form 

S- 1 -- + S- 1 -* + (O^Yn&s + S- T , (2.27) 

where, for the last two terms, we used that Ur (t, .) = 0$ o fl r o O^ 1 + S~ T jointly with the fact 
that Ogg = g s + S~ T . On the other hand, using the second condition of (|1.4[) and (jl.5p . we have 
w' /w — kg S~ E from which it follows that 

w(t + b)= w(t)e Kb exp ( / a^ e (s)ds ) , (2.28) 



for some cr_ e £ S E . This identity and item 4 of Proposition [3] imply that 

w{x Vr {t,6)) = «7(t)e*(*- o0 « I )W (l + 5- min(£ ' r) ) . 

Combining this identity and (|2.27p completes the proof of item 3 of Theorem [T] □ 

Justification of example 1. Using item 4 of Proposition [31 we see that the term w(x r )~ 2 in 
front of (12.261) is of the form 

w(x r )- 2 = (t + (j) r + S- T f =t 2 (l + 2(j) r t- 1 + oir 1 )) , 

which proves (|1.9p . 

Justification of example 3. In this case, (|2.28l) reads explicitly 

w(t + b) = w{t)e- b cxp f-jf p(t + uf- 1 duj 

= w(t)e- b (l-py- l + o(lfi- 1 )), (2.29) 

where o(t ,3 ~ 1 ) is uniform with respect to b as long as b remains in a compact set. Using again item 
4 of Proposition E] to write x r as t + b, (|2~2T)1) combined with (|2~2l)l) and (|2~27| implies ([L~TD|) . 
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3 Proof of Proposition [2] 

The proof will be reduced to the analysis of hamiltonians globally defined on M. 2n . Indeed, by 
possibly increasing R and by (|1.4I) . we may assume that w is defined on M and belongs to S' _A (R). 
Also, by (|1.6[) . we can modify the coefficients of p on £?(6>o,4e Wo ) \ B(9o,3e Uo ) so that 



l ), beS-^RxR™- 1 ), g-g' 1 erflxl"" 1 ), (3.1) 



for some positive definite matrix g" 1 defined on R™ -1 with coefficients, such that g _1 (#) > 
C > for all 9 and which coincides with the original g _1 on B(6q, 3e Wo ). Then, we keep the 
notation p for the symbol 



p(x, 9, p, rj) — a(x, 9)p 2 + 2w(x)pb(x, 9) ■ rj + w(x) 2 rj ■ g(x, 9)rj, 

which coincides with the principal symbol of the Laplacian on (R, +00) x B(9q, 3e u 
may assume that for some Co > 1, 

C^{p 2 +w{x) 2 \r 1 \ 2 ) <p(x,B,P,V) <Co(p 2 + w(x) 2 \ V \ 2 ), 



(3.2) 



and we 



(3.3) 



everywhere on M. 2n . 

We consider (ir*, 9 t 1 p l , 77*) the hamiltonian flow of p with initial condition (x, 9, p, 77) at t = 0. 

Proposition 5. Assume Jj.^[ ), fJ7^) cmd J-?. 7| ). Then, for all M > 1, i/iere exists X\ > suc/i 
£/ia£, /or a// 



x > Xi, 9 £ R n -\ p G [M _1 , Af] , 
i/ie hamiltonian flow of p is defined for all t > and satisfies 



\v\ < M, 



(3.4) 



— £c — 2t/9* 



A/ 



< 1, 

< 1, 



(3.5) 



where p = p{x, 9, 9, 77). Furthermore, for all t > 



Notice that 



implies that 



x * X + W 
p* > 1, 

^ 1/2 | < (x + ty 1 ^. 



lim p^p 1 ' 2 , 

t—>-\-oo 



(3.6) 

(3.7) 
(3.8) 

(3.9) 



and also that, in the left hand side of the first estimate of (13. 5[) . 2t j o t could be replaced by 2tp 1 / 2 . 
Proof. By boundedness of w and w/, we have 

p(x,9,p,rf) < C , for \p\ < M, \ V \ < M, (3.10) 
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with Cq depending only on Co and M. On the other hand, by (|1.7[) and (|3.1[) . we have 



\dpp-2p 
d v p 
d x p 
deP 



< Cx{x)- l - T \ 



\p\ 

IpI 



(3.11) 



< (74<x)- 1 -^(p 2 + |» 7 | 2 ), 



using that 



min(/i, 2v) > 1 + r, 



X + v > 1 + r, 



2A > 1 



Given (x,9,p,rj) satisfying (I3.4j) . denote by [0,T+) the domain of the maximal solution. We shall 
prove that T + = +oo and that 



x t > x + 



M 



W\<2M, 



(3.12) 



for all t £ [0,T_|_). Introduce the set 

/ := {T £ [0,T+) | hold on [0,T]}. 

This is obviously an interval containing and we set T ++ = sup/, which is clearly positive. Using 
(|3.10p , the conservation of energy and (|3.3[) . we obtain a bound 



\A < (c c ) 1/2 

along the flow and see that there exist C[, C 3 ,C' 4 depending only on C\, C3, C4 and M such that 

\x s -2p s \ < C'^x 3 )- 1 ^, 
\P S \ < C' 3 (x s )- 2 -\ 
\f) s \ < Ciix*)- 1 ^, 
for all s £ I. Thus, if one chooses X\ large enough so that 



c 3 



x 1 + ±) 

Ml 



-1-T 



ds < 



1 

4M' 
M 

T' 



then, for all t £ I, 



X 1 > 2/9* 



1 

4M' 



H < 



4M 



M 



Using (|3.4[) . this implies clearly that, for all t £ I, 

, tl 5M * 3 t 5 * 

1^1-—' P -4M' X - X+ 4M' 

yielding a contradiction with the fact that T ++ < T + (one could otherwise obtain (|3.12p beyond 
T ++ ). Thus T ++ = T + and T + = +00, since (I3.11[) and (|3. 121) imply that the flow cannot blow up 
in finite time. We have thus shown the completness of flow on [0, +00) as well as the third and 
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fourth estimates of (|3.5I) . p.6p and (I3.7[) . In particular, using that x* — > oo as t — > +00, we also 
deduce (|3.9p from the conservation of energy the positivity of p t . Integrating p s for s G [i, 00), we 
obtain the quantitative bound (|3.8[) . using the third estimate of p. lip and (|3.12p . It remains to 
prove the first two estimates of (|3.5p . For the first one, it suffices to observe that 



2tp t )\ 



2p t - 2£p*| < 



using the third estimate of p.5p , the first and third estimates of p. lip and p. 121) . The second one 
is obtained similarly from the second estimate of p. lip . □ 



Remark. As one can see from this proof, the completness of the flow as well as the estimates p.5p 
(3rd and 4th) to p.7p could be obtained even if we only had — r and — 1 — r rather than — 1 — r 
and — 2 — r in the first and third lines of p. lip respectively. Furthermore, in this case we also 
would have a lower bound similar to p.6p . The powers — 1 — r and — 2 — r play only an important 
role to prove the first estimate of p.5p . 



For future reference, we record here the following elementary fact. Assuming that the initial 
conditions satisfy p.4p with X\ large enough, we can can freely modify the Hamiltonian vector 
field of p for \p\ + |ry| large {e.g. cutoff) by conservation of energy. More precisely, using the last 
two estimates of p.5p . we work on a domain where we can assume thar the Hamilton equations 
read 



! = 2p t + a 1 (x t ,0 t ,p t , V t ) = aoix* 

¥ = a 2 (x t ,9 t ,p t ,r 1 t ), 

= aafV,^,//,^), 

' = a 4 (x t ,9 t ,p t ,n t ), 



(3.13) 



with 



01, a%, 04 G S 



a 3 G S 



-T-2 



a G S° 



This remark will be useful below. In the next proposition, we recall that 9 7 = d^.dgd l p d^. 



Proposition 6. Assume jl-4\ ), U.6]) and jl.7\ ). Then, for all M > 0, there exists X\ > such 
that, on the domain defined by ljS.4\l, we have 



Iff* (a* 



- x - 2tp t ) 

ffH(P-6) 

^(r/ 4 - 11) 



< 
< 
< 
< 



(3.14) 



and, for j > 1, 



* - x - 2tp t ) 
dld^ip 1 - P ) 



< 
< 
< 
< 



( X + t )-T-i, 

(x + t)—i, 
(x + t)- T - 1 ^, 
(x + t)- T -J. 



(3.15) 



Notice that p may be omitted in the third line of (|3.15[i or even be replaced by p 1 / 2 . From this 
remark, we obtain the additional useful estimates, for j > 0, 



< 



(x + t) 



—T—l—j 



(3.16) 
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Proof. Let us introduce 



x* - 2tp\ = (■ 



Clearly, (|3 . 14[) follows by integration in time of (|3.15[) since u* — x, 6 l — 6, p* — p and rf — T) vanish 
at t = 0. It is thus sufficient to prove (13.151) . which we consider now. Using the identity 

ii* =x l - 2p* - 2tp\ 

and (|3.13l) , one checks that satisfies an ODE of the form 



y f = 6 2 (x',0',pW), 



(3.17) 



with 



61,62,64 e 5- 1 "- 1 , &i,& a eSr r - a . 
Independently, (I3.13[) again and a simple induction on j show that 

aeS m =^ dia(x t ,e\p t ,T] t ) = a(x t ,6 t ,p t ,r) t ) for some a G S m ~-' . (3.18) 

Assume for a while that we have proved the bounds 

|<9 7 $*|<C 7 , | 7 | > 1. (3.19) 

Then, for | 7 | > 1, 

l<9V|<(i>, |<9 7 6>*| + |<9V| + \d^rf\ < 1. (3.20) 

and let us show how it leads to the result. By applying <9;? _1 to (|3.17[) and using f|3 . 18[) . we see 
first that 



'flu* = (c 1 + tz 1 )(x t ,e t ,p t ,ri t ), 

did 1 = c^(x\Q\p\rf), 

dip 1 = 03(^,^,^,77*), 

[3?y = c±{x\e\ P \rf), 



(3.21) 



with 



Ci, C2, C4 6 5 r ~ 



ci,c 3 



On the other hand, the Faa Di Bruno formula yields 

<9 7 (o(x*,fl*,p*,»;*)) = x o0V + <9 e a<9 7 6>* + fyaflV + <9„a<9V + 
linear combination of {d k x d^d l p d^a) JJ S 7 *^ JJ^^JJS^p 4 ]J 97 ^^' 



(3.22) 



KKfc 



where all derivatives in the products of the second line are of striclty smaller order than \^f\ and 
satisfy 



7, 



14 



and where all derivatives of a are of course evaluated at (x*, 0*, p*, rf). If a 6 S m , using Q3.6p . we 
deduce from (jX^U|) and (pH2"j) that 

|d 7 (a^^pW))! < (x + t) m - 1 (t) + (x + t) m + (x + t) m - k (t) k , 

k<h\ 

< (x + ty n . 

Therefore, by applying <9 7 to (|3. 211) . (|3.15p is a straightforward consequence of (I3.19j) . It thus 
remain to prove (I3.19|) . which we do now by induction on |7|. By (|3.21l) . we can introduce 

B t = B + tB, Be S~ T , B e s -1 "- 1 , 

which are M. 2n valued so that 

¥ = B t {x\e\p\rf). (3.23) 
By applying to this equation d 1 (with |-y ] = 1 first) and using that 

|<9V| < |<9 7 6>*| + |«3V| + |<9V| < |5 7 X*|, 

we obtain ^ 

< |d 7 $°| + f (x + s)- 2 - T (s)\d~<<i> s \ + (x + s)- 1 - T |9 7 $ s |ds 
Jo 

using also (|3.6p . By the Gronwall Lemma, this yields (|3.19p for I7I = 1. Then, assuming 7I > 2 
and that (|3.19p has been proved for lower orders, we obtain 



ft It I ft 

l<9 7 $*| < / (x + s)- 2 - T (s)\d^'<i> s \ + (x + s)- 1 - T \d' 1 ^ s \ds + Y^ / 



(x + s)- 1 - T - k {s) k ds, 



by applying d 1 to the equation (|3.23p and using (|3.22D . Then (|3.19p follows from the Gronwall 
Lemma. The proof is complete. □ 

Proof of Proposition [2j The localization properties in (I2.12p follow from (the second line of) 
(|3.5p and (13.61) . Note in particular that within the domain (Xi,oo) x _B(#o,3e Wo ) x K™ (with 
X\ 3> 1), the hamiltonian flow of the globally defined hamiltonian p in Q3.2p does indeed represent 
the geodesic flow in a chart. The estimates (I2.13P and (|2.14p follow directly from (13. 15f) . □ 

A Proof of Lemma [4] 

Let us prove first that F t>r is injective for r large enough. Assume that uj,uj' S S satisfy Ft r (ui) = 
F t , r {uj'). Then, by the triangle inequality 

d{uj,uj') < d(w,F t , r (w)) +d{F t ^),F t , r {Lu')) +d(F t , r (w').w / ) < 2C{r)- T . 

For r large enough, we can thus insure that if w £ 9^ 1 (B(9 a ,e UJo )) then uj' £ 9g 1 (B(9o, 2e Ua )). 
In particular, they belong to the same coordinate patch so we can consider 9 :— 9s{u) and 9' := 
6s(to')- Furthermore, using that 9s ° F t: r{u) — 9s ° Ft, r (w'), we have 

\9-9'\ = \(I - 9 S o F t , r o 9^(9) ~ (I - 9 S o F t . r o 9 S 1 )(9')\ 
< C(r)- T \9-9'\ 
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the second line following from (j2.18[) on the ball B(9q, 2e Wo ) which is convex. If r is large enough, 
this implies that 9 — 9' hence that uj = u' . 

We next prove that F tjI , is surjective. More precisely, we show that if r is large enough, then 
for all u> G 6g 1 (B(6 a ,e ul0 )) in the cover (|2.2p . there exists 9 G 9^ (~B(9 , 2e Wo )) such that 

9 s (uj) = 9 s oF t!r o6s 1 {6), 
which we rewrite as the following fixed point equation 

e = T ttT (6) := (l-9 s oF t ^o9 s 1 )(9)+9s(oj). (A.l) 

Indeed, we observe that the estimate (|2 . 18[) still holds on B(9o,2e Uo ) by (|2.ip which implies that, 
for r large enough, the map T tjr is 1/2-Lipschitz on B(9o,2e UJo ). Furthermore, for r large enough, 
(|2~T7)) implies that 

\9-(9 s °F tir o9s 1 )(e)\ <£ W0 , fleB(9 ,2eJ, 

hence that T tyr maps B{9 ,2e UJo ) into B(9o,2e Uo ), since |#<s(w) — 9 \ < e UQ . We can thus use the 
Picard fixed point Theorem to solve (IA.1I) and this completes the proof of the surjectivity of i*t >r . 

All this shows that, for r large enough, F t: r is (smooth and) bijective from S to S. The 
smoothness of the inverse map follows from the local inverse theorem and (|2.18p . More precisely, 
by (|2.18p . we may assume for r large enough that the differential of 9s ° F r ,t ° ^g 1 is invertible at 
any point of B(9q, e Wo ) hence that 9s o F r ^ ° 9^ is a local diffeomorphism close to any point of 
B(9q, €ui ). By (|2.2p . we thus see that, for any u> G 5, is a diffeomorphism from a neighborhood 
of a; onto a neighborhood of F tjr (w), which proves the smoothness of Ff r . □ 
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